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Abstract
Univalence, originally a type theoretical notion at the heart of Voevodsky’s Univalent Founda-
tions Program, has found general importance as a higher categorical property which characterizes
descent and hence classifying maps in (∞, 1)-categories. Completeness is a property of Segal spaces
introduced by Charles Rezk which characterizes those Segal spaces that are (∞, 1)-categories. In
this paper, first, we make rigorous an analogy between univalence and completeness that has found
various informal expressions in the higher categorical research community to date, and second,
study ramifications of this analogy.
More precisely, we generalize univalence of fibrations and Rezk-completeness of Segal spaces to
two properties of Segal objects in well behaved type theoretic model categories, and give a charac-
terization of these two generalized properties in terms of each other. Furthermore, in this context
we give two definitions of Dwyer-Kan equivalences between Segal objects and between fibrations,
respectively, and obtain a functor of associated relative categories which translates univalent com-
pletion in the sense of van den Berg and Moerdijk to Rezk-completion of associated Segal objects.
Motivated by these correspondences, we will show that univalent fibrations are exactly the DK-local
fibrations whenever univalent completion exists.
1 Introduction
Segal spaces as models for (∞, 1)-category theory were introduced by Charles Rezk in [17]. A
Segal space X is a Reedy fibrant simplicial space X : ∆op → S naturally equipped with two higher
categorical composition operations on its set of objects X00. On the one hand, X00 comes equipped
vertically with the ∞-groupoidal structure inherent to the Kan complex X0•. On the other hand,
it comes equipped horizontally with a (∞, 1)-categorical structure inherent to the simplicial set
X•0. The latter structure comes from satisfaction of the Segal conditions, i.e. acyclicity of the Segal
maps
ξn : Xn ։ X1 ×X0 · · · ×X0 X1.
The Segal maps ξn project an n-simplex in X to its values on the longest chain of composable non-
identity arrows in the category [n] ∈ ∆. And so the Segal conditions induce a higher categorical
composition operation d1(ξ2)
−1 : X1 ×X0 X1 → X2 → X1 unique up to homotopy.
A Segal space is complete if the vertical ∞-groupoidal structure on X00 is determined by the
horizontal quasi-categorical structure on X00 via an equivalence between the object P (X0•) of
vertical arrows in X and the object (X•0)
≃ of horizontal invertible arrows in X . Completeness is
a property of Segal spaces X necessary and sufficient to ensure that such X indeed model (∞, 1)-
categories – instead modelling a version of∞-double categories with a groupoidal dimension. Rezk
has constructed a model structure CS on the category sS of bisimplicial sets whose fibrant objects
are exactly the complete Segal spaces. Joyal and Tierney have constructed a Quillen pair
(  1, /1): (S,QCat)→ (sS,CS)
from the Joyal model structure (S,QCat) for quasi-categories to (sS,CS) which in fact turns out
to be a Quillen equivalence. Following the Joyal-Tierney calculus from [12, Section 7], for every
bisimplicial set X there is an adjoint pair
(X/ , \X) : S→ Sop
obtained by divisibility of the box product  : S × S → sS as will be recalled in Section 3.
Then it is easy to see that a bisimplicial set X is Reedy fibrant and satisfies the completeness and
Segal conditions if and only if X gives rise to a Quillen pair
(X/ , \X) : (S,Kan)→ (S,QCat)op.
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Clearly, the Segal conditions can be expressed for simplicial objects in any model category M
and hence we obtain a notion of Segal objects in all model categories. In Section 3, we define
completeness of such general Segal objects so that, by definition, X gives rise to a right Quillen
functor
X/ : Mop → (S,QCat)
obtained from the Joyal-Tierney calculus. In this sense, the notion of completeness is entirely
motivated by the simplicial homotopy theory of quasi-categories.
A priori, on a very different note, univalence is a predicate in the internal language of type
theoretic fibration categories C. A fibration p : E ։ B in C is univalent if its associated type
Equiv(p) of fiberwise equivalences is a path object for the base B.
We will explain in Section 2 how to turn a fibration p into a Segal object N(p), and motivated by
this construction, give a definition of univalence of Segal objects X in C generalizing the definition
of univalence of fibrations in C in the sense of the HoTT-Book [15]. Both conditions – univalence
and completeness of Segal objects X – compare an object of internal equivalences associated to X to
the path object P (X0). A priori however, these objects of internal equivalences do not necessarily
coincide. On the one hand, univalence makes a statement about the type of fiberwise equivalences
associated to the type families
ζ2 : X2 ։ X1 ×X0 X1, (d0, d1) : X1 ։ X0 ×X0
generalizing the type of fiberwise equivalences associated to a fibration as treated in [20, Section 7].
On the other hand, completeness makes a statement about an object J \X of equivalences induced
by the Joyal-Tierney calculus, where J ∈ S denotes the walking isomorphism (or at least this is
the canonical way to define internal equivalences following Rezk’s original work).
The aim of Sections 2, 3 and 4 is to introduce and compare these two types of internal equiva-
lences. We thus prove the following theorem and define all the notions involved.
Theorem 4.4. Let X be a Segal object in a type theoretic model category M in which all fibrant
objects are cofibrant. Then X is univalent if and only if its Reedy fibrant replacement RX is
complete. In particular, if X is Reedy fibrant, X is univalent if and only if it is complete.
It follows immediately that a fibration p with fibrant base in M is univalent in the HoTT-Book
sense (that is in the sense of [21, Definition 1.5.1]) if and only if its Reedy fibrantly replaced nerve
Xp := RN(p) is complete.
In Section 5 we extend the assignment p 7→ Xp to a functor of relative categories, defining a no-
tion of DK-equivalences between fibrations and Segal objects, respectively. This functor X is then
shown to preserve and reflect the respective completion procedures, that is univalent completion of
a fibration p on the one hand – originally introduced in [5] in the case of Kan fibrations of simplicial
sets – and Rezk-completion of Segal objects on the other. Rezk has shown that complete Segal
spaces are exactly those Segal spaces local with respect to all DK-equivalences, a result that was
generalized by Barwick to a large class of model categories. Analogously, we show in Theorem 5.9
that, whenever univalent completion exists, univalent fibrations are exactly those fibrations local
with respect to all DK-equivalences, too.
The reader may observe that the process that associates univalent fibrations to complete Segal
objects as presented in this paper is close to the ideas presented in [16, Section 6]. On the one
hand, in [16] Rasekh develops a theory of complete Segal objects within quasi-categories and defines
univalence of a map p in a locally cartesian closed quasi-category C via completeness of its associated
Segal object N (p) ([16, Definition 6.24]). On the other hand, in this paper we compare an existing
definition of univalence with a generalization of another existing definition of Rezk-completeness
and show they are equivalent (up to fibrant replacement).
Rasekh’s definition of univalence in [16] coincides with Gepner and Kock’s definition of univa-
lence in [8, Section 3.2] whenever the quasi-category C is presentable by [16, Theorem 6.28] and
[8, Proposition 3.8]. While Gepner and Kock show that there is a connection between univalence
in the presentable quasi-category C and univalence in a type theoretic model category as given in
[20] presenting C, there is no such result for the general definition of [16]. Certainly we can assign
to a given type theoretic model category M its associated quasi-category Ho∞(M) via its derived
mapping spaces, e.g. as constructed in [9, Chapter 5]. Assuring that the construction of Segal
objects and completeness of such as presented in this paper are mapped by the assignment Ho∞
to the respective constructions and notions from [16], Theorem 4.4 shows that Rasekh’s definition
of univalence in locally cartesian closed quasi-categories indeed coincides with the type theoretic
definition of univalence whenever C comes from a type theoretic model category such that all fibrant
objects are cofibrant.
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2 Univalence of simplicial objects
In all of this paper M is a fixed type theoretic model category in the sense of [1, Definition 24]
(there called “logical model categories”). That is a model category M such that
1. M has the Frobenius property, i.e. acylic cofibrations are stable under pullback along fibrations,
2. pullback p∗ along any fibration p has a right adjoint
∏
p.
Its associated type theoretic fibration category Mf of fibrant objects ([20, Definition 2.1]) will be
denoted by C. We assume throughout that fibrant objects in M are cofibrant, in order to assure
that weak equivalences and homotopy equivalences in C coincide (see e.g. [21, Lemma 1.3.4]). 1 The
category sM = [∆op,M] denotes the category of simplicial objects in M, the category S denotes the
category of simplicial sets. The reason why we choose to work with a type theoretic model category
M but more generally with an arbitrary type theoretic fibration category C is Lemma 4.1 which
assumes the existence of a Reedy fibrant replacement functor in the category sM. But indeed, note
that in fact all statements in Sections 2, 3 and 4 also apply to type theoretic fibration categories C
with finite colimits.
We start by defining the Segal condition for simplicial objects in M. Let i < n and ji : [1]→ [n]
given by 0 7→ i, 1 7→ i+1 be the “i-th essential edge” of [n] in the simplex category ∆. This defines
the n-th spine inclusion ιn : In →֒ ∆
n given by
In =
⋃
i<n
ji[∆
1]
in the standard n-simplex ∆n in the category S of simplicial sets. Right Kan extension of a
simplicial object X : ∆op →M along the Yoneda embedding
∆op
X //
yop

M
(S)op,
\X:=RanyopX
<<②
②
②
②
is given pointwise by the formula A \X := lim(∆n/A)∈SXn and describes the weighted limit of the
diagram X with weight A. This extension will be considered in some more detail in Section 3.
It yields the n-th Segal map ιn \ X : ∆n \ X → In \ X associated to X . The object In \ X is
a consecutive sequence of pullbacks X1 ×X0 · · · ×X0 X1 which in the following we abbreviate by
(X1/X0)
n
S . Then the n-th Segal map ιn \X itself will be denoted by
ξn : Xn → (X1/X0)
n
S .
It projects an n-simplex in X to its values on the spine In ⊂ ∆n.
Definition 2.1. Let X be a simplicial object in C.
1. X is sufficiently fibrant if both the 2-Segal map ξ2 : X2 → X1×X0 X1 and the boundary map
(d1, d0) : X1 → X0 ×X0 are fibrations in C.
2. Let X be sufficiently fibrant. We say that X is a Segal object (strict Segal object) if the
associated Segal maps ξn : Xn → (X1/X0)
n
S are homotopy equivalences (isomorphisms) in C.
1This additional assumption is also made in many examples of [20], and it is arguable that this condition should be
part of the definition of any model category that is “type theoretic”. Indeed, there are examples of type theoretic model
categories in the sense of [20, Definition 2.12] such that the class of weak equivalences between fibrant objects has no
type theoretic interpretation in the semantics of [20, Section 4.2]. A class of such examples is given in [21, Section 8.4].
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Thus, a sufficiently fibrant simplicial object X gives rise to a type family X1(x, y) of edges fibred
over pairs of objects in X and a type of compositions X2(f, g) fibred over pairs of concatenable
edges in X1. We purposely do not assume Reedy fibrancy for the definition of general Segal objects
here. Therefore, in the case when C is the category of Kan complexes, Segal spaces are exactly
Reedy fibrant Segal objects.
Remark. Whenever a simplicial object X is sufficiently fibrant, the ordinary pullbacks (X1/X0 )
n
S
are homotopy pullbacks. Hence, being a Segal object is a homotopy invariant property among
sufficiently fibrant simplicial objects.
The definition of sufficient fibrancy is chosen in such a way that, first, all properties considered in
this paper are stable under homotopy equivalence between sufficiently fibrant objects, and second,
the following example is sufficiently fibrant, too.
Let p : E ։ B be a fibration in C and let the internal hom object Fun(p) := [π∗1E, π
∗
2E]B×B be
the type of fiberwise functions associated to p. It comes together with a source and target fibration
Fun(p)
(s,t)
։ B ×B
and a reflexivity map r : B → Fun(p) representing the identity on E. In terms of the internal type
theory of C, it is the parametrized function type
⊢
∑
a,b:B
(Ea → Eb) : type
with corresponding source and target maps specified by the terms λ(a, b, f).a and λ(a, b, f).b, and
the reflexivity map specified by λb.(b, b, idb).
Recall that, for every object B ∈ C, the category C/(B×B) of internal graphs with vertices in
B has a tensor product ⊗B given by pullback
(E
(s,t)
−−−→ B2)⊗B (E′
(s′,t′)
−−−−→ B2) //

·y
E′
s′
 t′

E
s
--
t
// B
B.
The monoids in the monoidal category (C/(B × B),⊗B) are the internal categories in C over B,
the category of these monoids is denoted by ICat(C)B . The assignment B 7→ ICat(C)B induces a
pseudo-functor ICat: Cop → Cat. The Grothendieck construction applied to this pseudo-functor
is the category ICat(C) of internal categories in C. The following proposition is a straightforward
generalisation of [10, Example 7.1.4.(ii)] to type theoretic fibration categories. Although the author
assumes local cartesian closedness in the cited example, his construction can be carried out for every
fibration in a type theoretic fibration category.
Proposition 2.2. For a fibration p : E ։ B in C, the graph
Fun(p)
s //
t
// B
comes equipped with a unit and a multiplication which turns this graph into an internal category
object in C.
Proof. In an nutshell, a unit is given by the map
B
r //
∆
''❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖ [E ×B,B × E]B×B

B ×B
adjoint to E
(p,id)
//
(p,p) ""❋
❋❋
❋❋
❋❋
❋❋
B × E
(id,p)

B ×B
and a multiplication by the adjoint of successive evaluation on exponentials.
Proposition 2.3. There is a nerve functor N : ICat(C)→ sC which, when restricted to its image,
yields an equivalence to the subcategory of objects in sC whose Segal maps are isomorphisms.
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Proof. The functor N has a straightforward definition, given on objects C ∈ ICat(C) with under-
lying reflexive graph
C1
s //
t
// C0ηoo (1)
by
(NC)n := (C1/C0)
n
S
The object (NC)n is canonically isomorphic to the n-th monoidal power
⊗n
C0
( C1
t
//
s // C0 ) of
the underlying graph in C/(C0×C0) such that the 1-skeleton (NC)≤1 with its degeneracy and two
boundaries is exactly the reflexive graph in (1).
Higher degeneracies are given by inserting the unit η into corresponding components of the
monoidal power and the boundaries are given by the obvious combination of multiplications and
projections. One can verify the simplicial relations one by one and observe that they hold by the
associativity and unitality laws satisfied by the multiplication µ and the unit η. Indeed, N is just
the free category monad resolution in C.
Vice versa, every simplicial object X ∈ sC whose Segal maps are isomorphisms yields its 2-
skeleton X≤2 ∈ ICat(C)X0 such that N(X≤2)
∼= X .
By Propositions 2.2 and 2.3 we obtain for every fibration p : E ։ B in C the simplicial object
N(p) := N
(
Fun(p)
s
**
t
44 B
)
roo ∈ sC.
The nerve N(p) is sufficiently fibrant, because the boundary
(d1, d0) : N(p)1 → N(p)0 ×N(p)0
is the fibration (s, t) : Fun(p)։ B×B, and the 2-Segal map ξ2 is an isomorphism (and in particular
a fibration). Therefore, the simplicial object N(p) is a strict Segal object in C for every fibration
p ∈ C, again by Proposition 2.3.
Following [20, Section 5], for a fibration p : E ։ B we can construct the type family of fiberwise
equivalences Equiv(p) ։ Fun(p) ։ B × B and define univalence of p by acyclicity of the induced
target fibration t : Equiv(p) ։ B (see e.g. [21, Definition 1.5.1]). But, in fact, we can define such
a type of equivalences Equiv(X) for every sufficiently fibrant simplicial object X in C and hence
define univalence in this generality. In the spirit of Joyal’s definition of biinvertible functions in type
theory – these are functions together with a left-inverse and a (potentially distinct) right-inverse,
see for example [15, Section 4.3] – the simplicial structure of X suggests the definition of a type
family of equivalences associated to X as follows.
Let X be a sufficiently fibrant simplicial object in C. In order to define the fibrations of left-
and right-invertible maps Inv0X := LinvX and Inv1X := RinvX over X1 respectively, consider the
pullback
X1 ×X20 X1
·y
pi1 // //
pi2

X1
(d1,d0)

X1
(d0,d1)
// // X20
consisting of conversely directed edges in X , as well as the matching object
M2X = (X1 ×X0 X1)×X20 X1
of X together with the associated boundary map ∂ : X2 →M2X . For i ∈ {0, 1}, let
π¯i : X1 ×X20 X1 → X1 ×X0 X1
denote the canonical map induced by the projection πi : X0×X0 → X0, so we also obtain pullback
squares of the form
X1 ×X20 X1
d1pii

p¯ii //
·y
X1 ×X0 X1
(d1pi1,d0pi2)

X0
∆
// X0 ×X0.
(2)
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Then, we can construct the object Endi(X) of triples (f, g, h) for elements x0, x1 : X and maps
f : X1(x0, x1), g : X1(x1, x0) and h : X(xi, xi) as the pullback below.
Endi(X)

·y
// M2X

X1 ×X20 X1 p¯ii
// X1 ×X0 X1
(3)
The objects of Endi(X) essentially consist of not necessarily commuting triangles (f, g, h) in X
such that the 1-boundary h is an endomorphism on either the domain of f or g. We obtain parallel
maps ∂i := π¯
∗
i ∂ and ρi : π¯
∗
iX2 → Endi(X) where ∂i maps a 2-simplex in π¯
∗
iX2 of the form
y
g

x
f
66
h
44
σ
x
(4)
to its boundary, and ρi := (p2, (id, s0d1−i)d2(1−i)p1) maps such a 2-simplex to the tuple (f, g, s0x)
(or (f, g, s0y) respectively). Then we define InviX to be the object of paths from the reindexed
composition ∂i to the reindexed degeneracy ρi as given by the following pullback on the right hand
side.
Equalizer(∂i, ρi)
·y
//

InviX
·y
// //

π¯∗iX2
(∂i,ρi)

Endi(X)
  ∼ //
∆
33
P(X1×X2
0
X1)Endi(X)
// // Endi(X)×(X1×X2
0
X1) Endi(X)
(5)
We define Equiv(X) := LinvX ×X1 RinvX and obtain a sequence of fibrations
Equiv(X)։ X1
(d1,d0)
։ X20 .
Remark 2.4. The construction of Equiv(X) has a simple presentation in type theoretic terms.
Via the 2-Segal map we have a context
x, y : X0, f, g : X1(x, y) ⊢ X2(f, g) type.
Denoting the substitution of terms a, b : X0 for the variables x, y : X0 in the type family X1(x, y)
by X1(a, b), the type family Equiv(X) is given by
x, y : X0, f : X1(x, y) ⊢ Equiv(x, y, f) :≡ Linv(x, y, f)× Rinv(x, y, f)
for
Linv(x, y, f) :≡
∑
g:X1(y,x)
∑
σ:X2(f,g)
d1σ =X1(x,x) s0x,
Rinv(x, y, f) :≡
∑
h:X1(y,x)
∑
σ:X2(h,f)
d1σ =X1(y,y) s0y.
Furthermore, the object Endi(X) can be obtained as the pullback
Endi(X)

·y
// // d∗1−i∆
∗X1

X1 ×X20 X1
·y
pi1 // //
pi2

X1
(d1,d0)

∆∗X1·y

oo
X1
(d0,d1)
// // X20 X0.∆
oo
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But pullback along the composition π1di−1 : X1×X20 X1 ։ X0 of fibrations preserves path objects,
and thus we also obtain pullback squares
Equalizer(∂i, ρi)
·y
//

InviX
·y
// //

π¯∗iX2
d1(∂i,ρi)

∆∗X1
  ∼ //
∆
66
PX0∆
∗X1 // // ∆
∗X1 ×X0 ∆
∗X1
(6)
for
d1(∂i, ρi) : π¯
∗
iX2 → Endi(X)×(X1×X2
0
X1) Endi(X)→ ∆
∗X1 ×X0 ∆
∗X1
the canonical composition which takes a triangle of the form (4) to the pair (h, s0x) (respectively
(h, s0y)). Therefore, if X ∈ sC is a Segal object – and so the Segal map ξ2 : X2 ։ X1×X0 X1 allows
a section ζ with induced composition κ given by d1ζ : X1×X0 X1 → X1 – we obtain an equivalence
of the type EquivX(x, y) to the type
∑
f :X1(x,y)
( ∑
g:X1(y,x)
(
κ(f, g) =X1(x,x) s0x
)
×
∑
h:X1(y,x)
(
κ(h, f) =X1(y,y) s0y
))
.
Definition 2.5. Let X be a sufficiently fibrant simplicial object. We say X is univalent if the
dashed lift
Equiv(X)

X0 s0
//
s0
::✉
✉
✉
✉
✉
X1
is a homotopy equivalence in C.
By definition, we have the following congruence.
Lemma 2.6. Let p : E ։ B be a fibration in C. Then p is univalent in the sense of [21, Definition
1.5.1] if and only if the Segal object Np is univalent in the sense of Definition 2.5.
Proof. Both univalence of Np and univalence of p exactly ask for the horizontal map
B
  r //
=
Equiv(p) ∼=
(∑
a,b:B Ea ≃ Eb
)
∼=
(Np)0
  s0 // Equiv(Np)
to be a homotopy equivalence. The existence of the right hand side isomorphism follows along the
lines of Remark 2.4 since the 2-Segal map ξ2 is an isomorphism.
3 Completeness of simplicial objects
In this section we generalize the notion of completeness as defined by Rezk in [17] for Segal spaces to
Segal objects in the type theoretic fibration category C =Mf . The chosen generalization of Rezk’s
original definition is motivated by the conception of completeness as a (simplicially enriched) right
lifting property, imposed so that complete Segal objects X , first, may arise as fibrant objects in
a model structure on sM, and second, yield a right Quillen functor to the Joyal model structure
for quasi-categories. We adapt the notation of [12] and say that a map f : X → Y of simplicial
sets is, first, a mid-fibration if it has the right lifting property against all inner horn inclusions,
and second, a quasi-fibration if it is a fibration in the Joyal model structure (S,QCat). Recall the
walking isomorphism
( •
((∼= •hh ) ∈ Gpd.
Its nerve J ∈ S is an interval object in the model category (S,Qcat) for quasi-categories and has
the property that a mid-fibration p : C → D between quasi-categories is a fibration in (S,Qcat)
if and only if it has the right lifting property against the endpoint inclusion • : ∆0 → J . In
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[17], completeness of a Segal space is a locality condition (i.e. a simplicially enriched right lifting
property) with respect to this endpoint inclusion; in the following, we will argue that every simplicial
set K that characterizes fibrations between quasi-categories in the same way as J does yields
an equivalent notion of completeness. This insight will then be used to generalize the notion of
completeness to simplicial objects in other model categories, via a simplicial set K suitably chosen
to make the comparison to univalence as defined in the last section very apparent.
Given a simplicial object X in M, from the beginning of Section 2 recall its right Kan extension
∆op
X //
yop

M
(S)op,
\X:=RanyopX
<<②
②
②
②
given pointwise by the formula A \ X := lim(∆n/A)∈SXn. The functor \ X comes with a left
adjoint X/ , and being the unique limit preserving extension of X along yop, it is easy to see that
this formula for \X coincides with the end
A \X :=
∫
[n]∈∆
XAnn
as defined in [12, Section 7]. Hence, the functors \X : Sop →M andX/ : Mop → S are induced
by the parametrized right adjoints of the box product  : S ×M → sM defined and explained in
[12, Section 7]. The box product  : S×M→ sM induces adjoint pairs
1 : M oo // sM : 1/
and
 1: S oo // sM : \ 1.
The former is a Quillen pair between the Reedy model structure on sM and M by [12, Proposition
7.37]. For every Segal space X ∈ sS, the endpoint inclusion ∆0 → J induces a fibration
J \X ։ X0.
In [17], the Segal space X is complete if the fibration J \X ։ X0 is acylic.
Remark. Let f : C →֒ D be any monomorphism in S such that a mid-fibration between quasi-
categories is a quasi-fibration if and only if it has the right lifting property against f . Then a Segal
space X is complete in the sense of [17] if and only if the fibration f \ X is acyclic. Indeed, the
functor  1: S → sS with right adjoint 1 \ is the pair (p∗1, ι
∗
1) from [12, Section 4]. Left
Bousfield localization of the Reedy model structure on sS at the set
{hni  1 | 0 < i < n}
yields the model category (sS, S) whose fibrant objects are the Segal spaces by [12, Proposition 3.4].
Localizing (sS, S) additionally at either the set C := {(∆0 → J)  1} or K := {(f : C →֒ D)  1}
yields model categories (sS,CS) and (sS,KS) respectively, in both cases with a right Quillen functor
1\ to the Joyal model structure (S,Qcat). But this implies that the acyclic cofibrations ∆0 → J
and f : C →֒ D in (S,QCat) are mapped by the left adjoint  1 to weak equivalences in both
localizations respectively. Therefore, the model structures CS and KS have the same fibrant
objects and in fact coincide. In particular, a Segal space X is complete in the sense of [17] if and
only if X is K-local.
That means that we can replace the endpoint inclusion ∆0 → J with any other cofibration
f : C →֒ D that distinguishes mid-fibrations from quasi-fibrations between quasi-categories. This
proves useful since the combinatorial structure of J is rather complicated. Rezk has observed in
[17, Section 11] that J is an < ω-sequential colimit
⋃
n≥1 J
(n) where the finite approximations
J (n) may be understood as the walking higher half adjoint equivalences with some degenerate side
conditions.
We therefore consider the simplicial set K := J (2) ⊔∆1 J
(2) instead, where J (2) ⊂ J is given by
the pushout
Λ20
  //
(f,s00)

· y
∆2

∆1
 
f
// J (2)
(7)
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and denotes the “walking” left invertible map
1
f

0
g
77
s00
44 0
with exactly one non-degenerate 2-simplex as depicted above. And so K ∈ S is the “walking”
biinvertible map
1
f

s01
++ 1
0
g
77
s00
33 0.
h
HH
For every quasi-category C, the restriction of maps K → C to either edge ∆1 ⊂ K are exactly the
equivalences in C. Indeed, note that K is exactly the interval ∆1[f−1] of [6, Definition 3.3.3].
Lemma 3.1. A mid fibration p : C → D between quasi-categories is a quasi-fibration if and only if
it has the right lifting property against the endpoint inclusion ∆0 → K.
Proof. By [14, Corollary 2.4.6.5], a mid fibration p : C → D between quasi-categories C and D is
a quasi-fibration if and only if for every equivalence f : d → d′ in D and every object c ∈ C with
p(c) = d, there is an equivalence f¯ : c→ c′ in C with p(f¯) = f . This holds if and only if p : C → D
has the right lifting property to the endpoint inclusion ∆0 → K.
Definition 3.2. Let X be a Reedy fibrant simplicial object in M. We say that X is complete if
the fibration K \X ։ X0 induced by the endpoint inclusion ∆0 → K is acyclic.
4 Comparison of univalence and completeness
Let X ∈ sC be a Segal object. In this section we want to show that X is univalent if and only if
some – and hence any – Reedy fibrant replacement RX of X is complete. As a corollary we will
obtain a comparison between the usual notion of univalence for a fibration in C and completeness
of its associated Reedy fibrant Segal object. Therefore we have to analyse the object
K \X = lim((∆/K)op → ∆op
X
−→ C).
For every Segal object X in C, we have isomorphisms ∆0 \X ∼= X0, ∆1 \X ∼= X1 and J (2) \X ∼=
Equalizer(d1, s0d1d2) for the two parallel maps
X2
d1 // X1
X2
d2 // X1
d1 // X0
s0 // X1
(8)
in C. From Diagram (2), it is easy to see that ∆∗(J (2) \X) ∼= J (2) \X , and ∆∗(J (2) \X) is the
equalizer of the pair ∂0, ρ0 : π¯
∗
iX2 → Endi(X) appearing in Diagram (6). Thus J
(2) \ X consists
of the maps in X which are postcomposable to the identity, while the object LinvX defined in
Diagram (6) contains maps in X which are postcomposable to a map homotopic to the identity in
X1. We will see that this discrepancy vanishes for Reedy fibrant Segal objects. Therefore, consider
the following construction.
Lemma 4.1. For every Segal object X ∈ sC there is a pointwise homotopy equivalent Reedy fibrant
Segal object X˜ in C with a homotopy equivalence LinvX ≃ J (2)/X˜ over X1 ×X20 X1 = X˜1 ×X˜20
X˜1.
Proof. We define X˜ following the general recursive construction of Reedy fibrant replacement of
simplicial objects. We start with (X˜)0 = X0 and (X˜)1 = X1 with the same boundaries and the
same degeneracy, since X is sufficiently fibrant. At the next degree, instead of taking an arbitrary
factorization of ∂ := (d2, d1, d0) : X2 →M2X with M2X =M2(X˜) as usual, we factor the map
(∂, s0d1d2) : X2 →M2X ×X0 ∆
∗X1
9
into an acyclic cofibration followed by a fibration,
(X˜)2
p2
'' ''◆
◆◆
◆◆
◆◆
◆◆
◆◆
X2
.

∼
==④④④④④④④④
(∂,s0d1d2)
// M2X ×X0 ∆
∗X1 pi1
// // M2X.
(9)
Obviously, (X˜)2 also factors the boundary map ∂ : X2 → M2X . We continue choosing the (X˜)n
for n ≥ 3 inductively by standard procedure with no further restrictions. Clearly, X˜ is still a Segal
object in C. Now, recall the object End0(X) of 2-boundaries between vertices of the form (x, y, x)
from Diagram (3) and similarly the forgetful map
π¯0 : X1 ×X20 X1 → X1 ×X0 X1
induced by the projection π0 : X0 ×X0 → X0 onto the first component. By construction we have
a diagram
π¯∗0(X˜)2
)) ))❙
❙
❙
❙
❙
❙
❙
❙
// // End0(X)×(X1×X2
0
X1) End0(X)
·y

// M2X ×X0 ∆
∗X1

(X˜)2
∂˜
xxxxq
q
q
q
q
q
p2oooo
π¯∗0X2
∼
)) ))❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
?
∼
OO
End0(X)
·y

// M2X
pi2ˆ

X2
?
∼
OO
∼
ξ2wwww♣♣
♣♣
♣♣
♣♣
♣♣
♣♣
♣
X1 ×X20 X1
pi0 // X1 ×X0 X1.
x
where the four maps on the left hand side denote the pullback of the respective right hand side
maps along π¯0. We make the following observations. First, the composition
π¯∗0X2 → π¯
∗
0(X˜)2 → End0(X)×(X1×X2
0
X1) End0(X)
yields a factorization of (∂0, ρ0) as given in Diagram (5) by choice of the factorization in (9).
Second, again by Diagram (5) when considered for the Segal object X˜, we obtain objects
Endi(X˜) = Endi(X) and see that J
(2) \ X˜ is the equalizer of the maps
π¯∗0(X˜)2
p¯i∗0p2// //
∂˜0
**
ρ˜0
44
End0(X)×(X1×X2
0
X1) End0(X)
pi1 //
pi2
// End0(X).
Therefore, we see that whether we construct LinvX or J (2) \ X˜ is a matter of factoring either
of the two legs of the square spanned by End0(X), End0(X)×(X1×X2
0
X1) End0(X) and X1×X20 X1
in the following diagram.
Equalizer(∂0, ρ0)

//
·y
LinvX
·y
 _
∼

// // π¯0
∗X2 _
∼

J (2)/X˜
·y

  ∼ // •
·y

// // π¯0
∗(X˜)2
p¯i∗0p2

End0(X)
·y

  ∼ // P(X1×X2
0
X1)(End0(X))
// // End0(X)×(X1×X2
0
X1) End0(X)

∆∗X1
∆ // ∆∗X1 ×X0 ∆
∗X1
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The maps J (2)\X˜ → • ← LinvX are homotopy equivalences (overX1×X20 X1) by pullback stability
of acyclic cofibrations in C. We thus obtain a homotopy equivalence
J (2) \ X˜ ≃ LinvX
over X1 ×X20 X1.
It is reasonable to expect that the constructions used to define univalence and completeness are
homotopy invariant, and they indeed are in the following sense.
Lemma 4.2. Suppose X, Y ∈ sC are sufficiently fibrant and pointwise homotopy equivalent. Then
1. InviX ≃ InviY for i ∈ {0, 1};
2. if X and Y further are Reedy fibrant, then J (2) \X ≃ J (2) \ Y .
Proof. Part (1) is easily seen by chasing through Diagram (3) and exploiting the Frobenius prop-
erty of C (i.e. pullback stability of acyclic cofibrations). For part (2), given an equivalence X
∼
−→ Y ,
we obtain an equivalence between the pullbacks
J (2) \ Y //

·y
Y2

J (2) \X //

∼
99sssssssss
·y
X2

∼
::✉✉✉✉✉✉✉✉✉✉✉
Y1 // Λ
2
0 \ Y
X1 //
∼
99ssssssssssss
Λ20 \X.
∼
::ttttttttt
Just note that here we use that both functors \X and \Y : Sop → C send the 2-horn inclusion
Λ20 →֒ ∆
2 to a fibration, which does not follow from only sufficient fibrancy.
Proposition 4.3. Let X ∈ sC be a Segal object in C. Then for any Reedy fibrant replacement RX
of X, we have a homotopy equivalence
LinvX ≃ J (2) \ RX.
Dually, we obtain a homotopy equivalence between RinvX and J (2) \ RX over X1 ×X20 X1 with
correspondingly permuted source and target maps.
Proof. Let X be a Segal object and let RX be a Reedy fibrant replacement of X . By Lemma
4.2.1, we obtain a homotopy equivalence
LinvX ≃ LinvRX.
Then consider (˜RX), the object from Lemma 4.1 constructed from RX (instead from X) such that
LinvRX ≃ J (2) \ (˜RX). But both RX and (˜RX) are Reedy fibrant, hence Lemma 4.2.2 finishes
the proof.
We conclude this section with the main result.
Theorem 4.4. Let X ∈ sC be a Segal object. Then the following are equivalent.
1. X is univalent.
2. For any Reedy fibrant replacement RX of X, RX is complete.
In particular, if X is Reedy fibrant, X is univalent if and only if it is complete.
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Proof. Given a Segal object X ∈ sC together with a Reedy fibrant replacement X
∼
→֒ RX in sC,
by Lemma 4.2 and Proposition 4.3 we obtain a diagram
RinvX

≃ // RinvRX

≃ // J (2) \ RX
d2\RX
pppp
LinvX
)) ))
≃ // LinvRX
)) ))
≃ // J (2) \ RX
d0\RX
tttt
X1
  ∼ // RX1
of equivalences between fibrations over X1 and RX1 respectively. This induces a homotopy equiv-
alence on pullbacks
EquivX
≃
−→ EquivRX
≃
−→ (J (2) \ RX ×RX1 J
(2) \ RX) ∼= K \ RX
over X1
∼
→֒ RX1. Therefore
EquivX
≃ //

EquivRX
≃ //

K \ RX
tttt
X0
  ∼ // RX0
commutes, too, and the statement follows directly from 2-for-3.
Corollary 4.5. Let p : E ։ B be a fibration in C. Then the following are equivalent.
1. p is univalent in C;
2. N(p) is univalent;
3. For any Reedy fibrant replacement Xp of N(p), Xp is complete.
Proof. Follows immediately from Lemma 2.6 and Theorem 4.4.
Remark 4.6. By construction, for a simplicial object X ∈ sM, the functor \X is isomorphic
to the (Set-)weighted limit functor
{·, X} : Sop →M.
Thus, the object K \X of internal isomorphisms in X is the K-weighted limit of the diagram X .
Let p∗1 : S → sS be the horizontal embedding  ∆
0. Let us assume that the model category
M is simplicial. Then one computes that the simplicially enriched weighted limit {p∗1(·), X}S is
isomorphic to the ordinary Set-enriched weighted limit {·, X} (when sS is simplicially enriched
via evaluation at [0] ∈ ∆, denoted by ι∗2 : sS → S). In analogy to [7, Theorem 4.4], using [14,
Example A.2.9.28] or directly [12, Proposition 7.33], we can show that for every simplicial set A,
the simplicially enriched weighted limit functor
{p∗1A, ·} : sM→M
is a right Quillen functor when sM is equipped with the Reedy model structure. Since all bisimplicial
sets are Reedy cofibrant, for every simplicial set A the A-weighted limit functor A \ : sM→ M
is a right Quillen functor. Thus, the A-weighted homotopy-limit of X can be computed as the
A-weighted limit of the Reedy fibrant replacement RX of X . Consequently, by Theorem 4.4, we
see that the type EquivX of internal equivalences is the K-weighted homotopy-limit of X .
5 Associated homotopy theories and completions
The authors of [5] introduced a procedure of univalent completion of a fibration p to a univalent
fibration u(p) in the Quillen model structure (S,Kan) on simplicial sets. Likewise, there is a notion
of Rezk-completion of Segal spaces, arising as the fibrant replacement of a Segal space in the model
category (sS,CS) for complete Segal spaces. In this section we generalize these two notions and use
Theorem 4.4 to show that univalent completion is a special case of Rezk-completion. We therefore
define a notion of DK-equivalences between fibrations in M and a notion of DK-equivalences be-
tween Segal objects in M. We show that the assignment p 7→ Xp from Corollary 4.5 gives rise to a
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functor of relative categories with respect to these notions of DK-equivalences, such that p⇒ u(p)
is the univalent completion of a fibration p if and only if Xp → Xu(p) is the Rezk completion of Xp.
Motivated by a corresponding result for Segal objects in a large class of model categories by Rezk
and Barwick, we will show that, whenever univalent completion exists, the univalent fibrations are
exactly those fibrations local with respect to the DK-equivalences.
As before, let M be a type theoretic model category such that all fibrant objects are cofibrant
and let C :=Mf be its associated type theoretic fibration category. In this section we additionally
assume that M has pullback stable cofibrations and that the (−1)-truncated maps in M form the
right class of a homotopy factorization system on M ([11, Definition 11.4]). Morphisms in the
left class are called (−1)-connected. As presented for example in [18, Section 7], this homotopy
factorization system exists whenever M is combinatorial, but we equivalently may just assume the
internal type theory of C to come equipped with propositional truncation as in [15, Section 3.7].
Here, a fibration p : E ։ B in C is (−1)-truncated if and only if the path object fibration
PBE ։ E×BE has a section. Say that a map f : E → B is (−1)-truncated if, for any factorization
f = jp into an acylic cofibration j and a fibration p , the fibration p is (−1)-truncated.
Lemma 5.1. A map f : E → B is (−1)-truncated if and only if the natural map
trf : PE → PB ×(B×B) (E × E)
is a homotopy equivalence. In other words, that is if and only if transport of paths along f yields
an equivalence between paths in E and paths in B between endpoints in E.
Proof. Since a factorization f = pj into an acyclic cofibration j and a fibration p gives a factoriza-
tion of trf : PE → PB into a homotopy equivalence and trp, without loss of generality the map
f is a fibration. The “only if” direction is shown in [21, Proposition 1.4.6]. For the other direction,
assume trf is an equivalence. The two projections of the composition
E ×B E → E × E → B ×B
yield the same map to B and hence a lift to PB represented by the constant path rB : B → PB.
So the natural map ιB : E ×B E → E × E lifts to the pullback PB ×(B×B) (E × E). Since trf is
an equivalence, we obtain a homotopy H : π1ιB ∼ π2ιB in E such that trfH = rBfπ1. Hence, by
[20, Lemma 3.9], we obtain a homotopy H ′ : π1ιB ∼ π2ιB in (C/B)f , or in other words a section
to PBE ։ E ×B E. Thus, the fibration f : E ։ B is (−1)-truncated.
Dually, the map f is (−1)-connected if for every factorization f = jp into a cofibration and an
acyclic fibration, the cofibration j is (−1)-connected. We note that in our type theoretic setting,
the dependent product functor associated to a fibration p in C preserves (−1)-truncated fibrations,
and therefore pullback along fibrations preserves (−1)-connected cofibrations in M.
Let F ⊆M[1] be the full subcategory of fibrations in M, and F× ⊂M[1] the subcategory whose
objects are fibrations and whose arrows are homotopy-cartesian squares between fibrations in M.
Definition 5.2. A homotopy-cartesian square
X //
q

E
p

Y
b
// B
(10)
of fibrations in M is a DK-equivalence if the base map b : Y → B is (−1)-connected.
For the following, we fix a fibration π : U˜ ։ U in C. We say that a fibration p : E ։ B is small
if it arises as the homotopy pullback of π along some map B → U . In the spirit of [5], we make the
following definition.
Definition 5.3. Let p : E ։ B be a small fibration in C. We say that a DK-equivalence
E //
p

u(E)
u(p)

B ι
// u(B)
is a univalent completion of p if the fibration u(p) ∈ C is small and univalent.
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The authors of [5] show that in the case of simplicial sets, a univalent completion exists for all
κ-small Kan fibrations between Kan complexes for sufficiently large cardinals κ. In our terms, this
is a univalent completion with respect to the univalent fibration πκ : U˜κ ։ Uκ that is universal for
all κ-small Kan fibrations, shown to exist in [13]. The fact that the map ι : B → u(B) constructed
in [5, Theorem 5.1] is (−1)-connected is not explicitly noted in [5, Theorem 5.1], but follows
immediately since ι0 : B0 → u(B)0 is the identity on the sets of vertices. Given the following
syntactic generalization of Gepner and Kock’s observation in [8, Corollary 3.10])2, it is easy to
show that univalent completion always exists whenever the ambient fibration π : U˜ ։ U is univalent
itself.
Proposition 5.4. Let C be a type theoretic fibration category. Let p : E ։ B and q : X ։ Y be
fibrations in C. Suppose p is univalent and
X //
q

E
p

Y
f
// B
(11)
is a homotopy cartesian square. Then the fibration q is univalent if and only if the map f is
(−1)-truncated.
Proof. Factoring f into an acyclic cofibration j : Y
∼
→֒ Z followed by a fibration m : Z ։ E,
it suffices to show that m is (−1)-truncated if and only if the fibration m∗p is univalent, since
univalence is invariant under homotopy equivalence of fibrations by [21, Corollary 1.6.4]. Thus,
without loss of generality we may assume the square (11) is strictly cartesian and f is a fibration.
We obtain the following diagram.
Y
%%❑
❑❑
❑❑
❑❑
❑❑
❑
∇

f
// B  q
∼
rB
""❋
❋❋
❋❋
❋❋
❋❋
∇

(f × f)∗PB
''◆
◆◆
◆◆
◆◆
◆◆
◆◆

//
·y
PB

%%❑
❑❑
❑❑
❑❑
❑❑
❑
Equiv(q)
tttt
//
·y
Equiv(p)
uuuu
Y × Y
f×f
// B ×B
Assume f is (−1)-truncated. Then the natural map PY → (f × f)∗PB is a homotopy equivalence
by Lemma 5.1 and hence the composition Y → (f × f)∗PB is a homotopy equivalence. The
fibration p is univalent, i.e. the map PB → Equiv(p) is a homotopy equivalence and hence so is its
pullback (f×f)∗PB → Equiv(q). Thus, the composition Y → Equiv(q) is a homotopy equivalence.
Hence, q is univalent.
Vice versa, assume the fibration q is univalent. Then PY → Equiv(q) is a homotopy equivalence
by univalence of q and also (f × f)∗PB → Equiv(q) is a homotopy equivalence by univalence of p.
So we see that PY ≃ (f × f)∗PB over Y × Y and so the fibration f : Y ։ B is (−1)-truncated by
Lemma 5.1.
Proposition 5.5. Suppose π : U˜ ։ U is univalent. Then every small fibration p : E ։ B in C has
a univalent completion
E //
p

u(E)
u(p)

B ι
// u(B).
(12)
2Also generally shown for locally cartesian closed (∞, 1)-categories in [16, Theorem 6.29] without the assumption of
presentability.
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Proof. Since p : E ։ B is small, there is a homotopy cartesian square
E //
p

U˜
pi

B
b
// U
in M. We can factor the map b : B → U into a (−1)-connected cofibration ι : B → u(B) followed
by a (−1)-truncated fibration b−1 : u(Y )։ B and obtain two homotopy cartesian squares
E //
p

(b−1)
∗U˜
(b−1)
∗pi

//
·y
U˜
pi

B
ι
// u(B)
b−1
// // U.
(13)
But π is univalent in C and (b−1) : u(B) ։ U is (−1)-truncated, and so the fibration (b−1)
∗p is
univalent, too. We therefore can define u(p) := (b−1)
∗π.
Similarly, if π : U˜ ։ U is univalent (or has a univalent completion itself), one can show
that univalent completion is unique up to homotopy, i.e. whenever u(p) : u(E) → u(B) and
u′(p) : u′(E)։ u′(B) are univalent completions of p, then there are homotopy equivalences
u(E)
≃ //
u(p)

u′(E)
u′(p)

u(B)
≃ // u′(B)
making the square commute. In this sense, we may refer to u(p) as the univalent completion of p
in C (with respect to π : U˜ ։ U).
Remark 5.6. In [8], Gepner and Kock characterize univalent maps in presentable locally cartesian
closed (∞, 1)-categories as those maps p which are terminal in the∞-groupoid O
(Fp)
C whose objects
are maps which arise as pullback of p and whose arrows are cartesian squares. If C is a Grothendieck
∞-topos, given any map p, the class Fp of p-pullbacks is a local class in the sense of [8, Section 3.3].
It is bounded so that O
(Fp)
C has a terminal object u(p). By terminality it comes with a cartesian
square from p to u(p). But note that u(p) itself is an element of O
(Fp)
C and hence we obtain a
cartesian square in the opposite direction. Since the classes Fp and Fu(p) therefore coincide, by [8,
Proposition 3.8], the map u(p) is univalent and so the composition of the two cartesian squares from
u(p) to u(p) is the identity. We thus see that in Grothendieck ∞-toposes we in fact have univalent
completions with split epimorphic base (instead only effective epimorphic base in the nomenclature
of Rezk in [18]).
Let UF ⊆ F denote the full subcategory of univalent fibrations in M, and W denote both
the class of homotopy equivalences in M and the class of pointwise homotopy equivalences in F ,
respectively. Recall that a map of relative categories F : (C,W )→ (D, V ) is a relative inclusion if
the underlying functor of categories F : C→ D is an inclusion and C ∩ V =W .
Corollary 5.7. The inclusion UF ⊆ F induces a relative inclusion
(UF×,W) →֒ (F×,DK)
of relative categories.
Proof. Clearly every homotopy equivalence is a DK-equivalence, so we have to show that vice versa
every DK-equivalence of the form (10) between univalent fibrations is a homotopy equivalence in
M. But the base map b : Y → B is (−1)-connected by assumption and it is (−1)-truncated by
Proposition 5.4. Thus b is a homotopy equivalence, and so is the upper map X → E since the
square is homotopy-cartesian.
Proposition 5.8. Assuming univalence of the ambient fibration π : U ։ U˜ , the inclusion of small
univalent fibrations (UF×,W) in small fibrations (F×,W) has a homotopy-coherent left adjoint
given by the univalent completion constructed in Proposition 5.14.
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Proof. The inclusion of relative categories ι : (UF×,W) →֒ (F×,W) induces an embedding of
underlying quasi-categories. We want to show that this functor of quasi-categories has a left adjoint.
Therefore, let p : E ։ B be a small fibration in C and let ηp : p ⇒ u(p) be the small univalent
completion constructed in Proposition 5.4 (and thus given by the left hand square in (13)). By
[19, Corollary 16.2.7], it suffices to show that the unit ηp is a universal arrow, in the sense that ηp
is initial in the slice quasi-category p ↓ ι. That is, given a small univalent fibration v(p) : X ։ Y
in C and a homotopy-cartesian square α : p ⇒ v(p) (which can be assumed to commute strictly
by the homotopy lifting property of v(p)), we need to show that the hom-space [u(p), v(p)]p↓ι is
contractible. Since v(p) is small, we obtain a diagram
v(E) //
v(p)

U˜
pi

E //
p

>>⑤⑤⑤⑤⑤⑤⑤⑤
u(E)
u(p)

>>⑤⑤⑤⑤⑤⑤⑤⑤⑤
bb❋
❋
❋
❋
v(B) // U
B
b
//
v(b)
==⑤⑤⑤⑤⑤⑤⑤⑤
u(B)
==⑤⑤⑤⑤⑤⑤⑤⑤⑤
cc❋
❋
❋
❋
in C. The top and bottom faces commute up to homotopy by univalence of the fibration π : U˜ ։ U ,
all other faces are homotopy-cartesian (and commute strictly).
The rest of the proof will be sketched only. Let C denote the underlying quasi-category of C and
(
−→
C )× be the quasi-category of arrows in C and cartesian squares between them. By assumption,
the fibration π is univalent and so the hom-spaces [u(p), π]
(
−→
C )×
and [v(p), π]
(
−→
C )×
are contractible
(this basically follows from [21, Theorem 1.5.2]). We therefore have an equivalence of hom-spaces
[u(p), v(p)]
((
−→
C )×)↓pi
≃ [u(p), v(p)]
(
−→
C )×
.
Furthermore, the quasi-category (
−→
C )× is equivalent to the underlying quasi-category of (F×,W),
the underlying quasi-category of (UF×,W) is a full subcategory of (
−→
C )×. Therefore,
[u(p), v(p)]p↓ι ≃ [u(p), v(p)]p↓ι ×[u(p),v(p)]
(
−→
C )×
[u(p), v(p)]
((
−→
C )×)↓pi
≃ [u(p), v(p)]p↓ι ×[u(p),v(p)]−→
C
[u(p), v(p)]−→
C ↓pi
.
But rearranging this latter pullback equivalently gives the pullback of the space of lifts of the
bottom face square and the space of lifts of the top face square over the hom-space [u(E), v(B)]C .
Both the map v(B) → U and its pullback v(E) → U˜ are (−1)-truncated by Proposition 5.4. The
map b is (−1)-connected by assumption and so is u(p)∗b, and so both components of the pullback
are the spaces of lifts to a (strong epi,mono)-lifting problem, and as such contractible. Thus, the
whole hom-space [u(p), v(p)]p↓ι is contractible.
In other words, univalent fibrations arise as the local objects of a homotopy-coherent reflective
localization. In the following, let DK be the class of all DK-equivalences in M.
Theorem 5.9. Assume univalent completion exists. Then the (small) univalent fibrations in C
are exactly the (small) DK-local objects in the underlying quasi-category of (F×,W). In particular,
the relative inclusion
(UF×,W) →֒ (F×,DK)
is a weak equivalence in the Barwick-Kan model structure on RelCat.
Proof. By univalently completing π : U˜ ։ U itself, without loss of generality we may assume π
is univalent. Since univalent completion is unique up to homotopy equivalence, it follows that the
left adjoint u takes DK-equivalences to homotopy equivalences. So every small univalent fibration
is DK-local. Vice versa, let p : E ։ B be a DK-local fibration and let η : p⇒ u(p) be its univalent
completion. Then, by assumption, the induced map of hom-spaces [u(p), p]
(
−→
C )×
→ [p, p]
(
−→
C )×
is a
homotopy equivalence. We obtain a cartesian homotopy retraction r : u(p)⇒ p of η, which implies
that η is (−1)-truncated on codomains and p is univalent.
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This means that the inclusion (UF×,W) →֒ (F×,DK) induces an equivalence of underlying
quasi-categories, so, in the notation of [3], it is a DK-equivalence of relative categories. But these
are exactly the weak equivalences in RelCat by [3, Theorem 1.8].
Remark 5.10. A version of Theorem 5.9 can also be shown directly from an M-internal point of
view. Given two fibrations q, p in C, in [21, Section 1.5] the reader considered a fibrant object Pq,p in
M presenting homotopy-cartesian squares from p to q (generalizing the corresponding construction
in simplicial sets given in [13]). It is straight forward to show that for every triple p, q, r ∈ F
there is an arrow ◦ : Pr,q × Pq,p → Pr,p given by concatenation of homotopy-cartesian squares
and a unit ∗ → Pp,p given by the identity. The associativity and unitality diagrams can be
shown to commute up to homotopy (best calculated in the internal type theory). Furthermore,
every pointwise homotopy equivalence w : r → q induces weak equivalences w∗ : Pq,p → Pr,p and
w∗ : Pp,r → Pp,q. Therefore, one may think of the assignment P : F × F → M as a “weak M-
enrichment”. Generalizing [13, Theorem 3.5.3], in [21, Theorem 1.5.2] we have shown that a fibration
p is univalent if and only if for every fibration q, the object Pq,p is (−1)-truncated in M. Say that
a fibration p in M is DK-local if for every DK-equivalence r ⇒ q between fibrations in M, the
associated map Pq,p → Pr,p is a homotopy equivalence in M. Then, assuming univalent completion
exists, one can show that p is univalent if and only if it is DK-local in this sense along the lines of
the proof of Theorem 5.9.
On the other side, let S(M) ⊆ sM denote the full subcategory of Reedy fibrant Segal objects in
M. For every map f : X → Y of Segal objects in M, we obtain associated pullback squares
Mf //

·y
EquivY

f ↓ Y

//
·y
Y1
(s,t)

X0 × Y0
f0×1 //
pi1

·y
Y0 × Y0
pi1

X0
f0
// Y0
(14)
Definition 5.11. Let f : X → Y be a map between Segal objects in M. We say that
1. f is fully faithful if the natural map X1 → (f0 × f0)
∗Y1 over X0 ×X0 is a weak equivalence.
2. f is essentially surjective if the composition Mf ։ Y0 × Y0
pi2
։ Y0 is (−1)-connected.
3. f is a DK-equivalence if it is fully faithful and essentially surjective.
In the case M is the Quillen model structure for Kan complexes on the category S of simplicial
sets, a map between Segal spaces is a DK-equivalence in the sense of Definition 5.11 if and only if
it is a Dwyer-Kan equivalence in the sense of [17, Section 7.4].
Let S(M)× ⊆ S(M) denote the subcategory of Segal spaces and fully faithful maps. Let
CS(M)× ⊆ S(M)× denote the full subcategory of complete Segal objects in M.
In analogy to univalent fibrations and DK-equivalences, the DK-equivalences between complete
Segal objects are exactly the levelwise homotopy equivalences.
Lemma 5.12. Let f : X → Y be a map between complete Segal objects in M. The map f is a
DK-equivalence if and only if it is a levelwise homotopy equivalence. In particular, every DK-
equivalence between complete Segal objects is in fact split surjective, i.e. the map Mf ։ Y0 is a
trivial fibration.
Proof. If f is a levelwise homotopy equivalence, the maps f0 × f0 : X0 × X0 → Y0 × Y0 and
f1 : X1 → Y1 are homotopy equivalences. Hence, the square
X1

f1 // Y1

X0 ×X0
f0×f0
// Y0 × Y0
17
is homotopy cartesian and the map f is fully faithful. Further, from Diagram (14) we see that
Mf → EquivY is a homotopy equivalence, and hence so is the composition Mf ։ Y0 since Y is
complete.
Vice versa, assume f is a DK-equivalence. Since both X and Y are Segal objects, it suffices
to show that f0 and f1 are homotopy equivalences. If f0 is a homotopy equivalence, then so will
f0×f0 and its pullback along Y1 ։ Y0×Y0. Since f is full faithful, it follows that f1 is a homotopy
equivalence. We are left to show that f0 is both (−1)-truncated and (−1)-connected. In order to
show (−1)-truncatedness, we note that fully faithfulness of f implies that the map
EquivX → (f0 × f0)
∗EquivY
is a homotopy equivalence. But by completeness of X and Y , this is equivalent to the transport trf ,
thus (−1)-truncatedness follows from Lemma 5.1. Towards (−1)-connectedness, on the one hand
we note that again by Diagram 14, the natural map Mf → EquivY is (−1)-connected whenever
Y is complete. On the other hand, the natural map EquivX → Mf is a homotopy equivalence
since both EquivX and Mf are contractible over X0. Thus, the composition EquivX → EquivY
is (−1)-connected, and homotopy equivalent to f0 : X0 → Y0.
Let W ⊆ sM denote the class of levelwise homotopy equivalences in M.
Corollary 5.13. The inclusion CS(M)× ⊆ S(M)× induces a relative inclusion
(CS(M)×,W) →֒ (S(M)×,DK)
of relative categories.
The assignment of a fibration p inM to the Reedy fibrant Segal object Xp as defined in Section 4
induces a relative functor of relative categories in the following way.
Proposition 5.14. Every homotopy cartesian square
E //
p

E′
p′

B
ι
// B′
(15)
between fibrations p, p′ in C functorially induces a fully faithful map
N(ι) : N(p)→ N(p′)
between associated Segal objects in M. Further, the following hold.
1. If ι is (−1)-connected, then N(ι) is also essentially surjective.
2. Suppose p′ is univalent. If N(ι) is essentially surjective, then ι is (−1)-connected.
Proof. Let p : E ։ B and p′ : E′ ։ B′ be fibrations in C and N(p) and N(p′) in sM their
associated Segal objects. Let
E //
p

E′
p′

B ι
// B′.
be a homotopy cartesian square so that we obtain a homotopy equivalence
Fun(p)
((
∼
%%❑
❑
❑
❑
❑
!! !!
Fun(ι∗p′) //
·y

Fun(p′)

B ×B
ι×ι
// B′ ×B′,
18
essentially by the proof of [21, Proposition 1.6.1]. But the dashed map in the diagram is exactly
N(ι)1 : N(p)1 → (N(ι)0 ×N(ι)0)
∗N(p′)1
and so the map N(ι) : N(p)→ N(p′) is fully faithful.
For part (1), further suppose that ι : B → B′ is (−1)-connected. In order to show essential
surjectivity of N(ι), since (−1)-connected cofibrations are preserved by pullback along fibrations,
we note that the map
ι× 1: B ×B′ → B′ ×B′
is (−1)-connected and hence so are all three horizontal maps
P (ι)
zz✉✉
✉✉
✉✉
✉✉
✉
  //
·y
zzzz
P (B′)
yyss
ss
ss
ss
ss
yyyy
M(N(ι))

  //
·y
Equiv(p′)

B ×B′ 

ι×1
// B′ ×B′.
But P (B′) is contractible over B′ and so we have a homotopy equivalence between the (−1)-
truncation P (ι)−1 over B
′ and P (B′). This yields a composite map
P (B′)→ P (ι)−1 →M(N(ι))−1
over B′ and hence a section to the (−1)-truncated fibration M(N(ι))−1 ։ B′. So, the map N(ι)
is essentially surjective.
For part (2), assume p′ is univalent and N(ι) is essentially surjective. By univalence of p′, the
map P (B′)→ Equiv(p′) is a homotopy equivalence, and hence so is its pullback
P (ι)→M(N(ι)).
By essential surjectivity of N(ι), the fibration M(N(ι)) ։ B′ is (−1)-connected, and thus the
fibration P (ι)։ B′ is so, too. But the composite
B → P (ι)։ B ×B′ ։ B′
is a factorization of ι : B → B′ into an acyclic cofibration followed by a fibration as shown in [20,
Lemma 2.4], where the fibration P (ι) ։ B′ is (−1)-connected as just argued above. Thus, the
composite ι is (−1)-connected, too.
Thus, composing the nerve N with a Reedy fibrant replacement functor of simplicial objects,
we obtain a relative functor
X : (F×,DK)→ (S(M)×,DK),
p 7→ Xp
Hence, the process of univalent completion induces a Rezk-completion Xp → Xu(p) in the following
sense.
Proposition 5.15. Let p : E ։ B be a fibration in C and p′ : E′ ։ B′ be univalent in C. Then
every homotopy cartesian square
E //
p

E′
p′

B ι
// B′
(16)
induces a fully faithful map
Xι : Xp → Xp′
from the Segal object Xp to the complete Segal object Xp′ in M. The embedding Xι is a DK-
equivalence if and only if the square (16) is the univalent completion of p.
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Proof. Since N(p) and N(p′) are sufficiently fibrant, for simplicity we can choose a Reedy fibrant
replacement Xp of N(p) such that (Xp)i = N(p)i for i = 0, 1 (and the same for N(p
′)). Then the
proof of Proposition 5.14 shows that we obtain an embedding
Xι : Xp → Xp′
between Segal objects, where Xp′ is complete by Corollary 4.5. It is easy to see that M(Xι)
and M(N(ι)) are homotopy equivalent over B′ since the objects Equiv(N(p′)) and Equiv(Xp′)
are homotopy equivalent over B′ by Lemma 4.2 (and hence both are homotopy equivalent to
Equiv(p′)). So, assuming that the fibration p′ is univalent, it also follows directly from the proof
of Proposition 5.14 that the map Xι between Reedy fibrant replacements is essentially surjective if
and only if ι is (−1)-connected.
Corollary 5.16. The univalent completion u(p) of a Kan fibration p ∈ S induces an acylic cofi-
bration Xp → Xu(p) in the model structure (sS,CS) of complete Segal spaces. In other words, the
complete Segal space Xu(p) is a fibrant replacement of the Segal space Xp in (sS,CS).
Proof. By [18, Theorem 7.7], the weak equivalences between Segal spaces in the model structure
(sS,CS) for complete Segal spaces are exactly the Dwyer-Kan equivalences.
The results of this section may be summarised in the following theorem.
Theorem 5.17. The Reedy fibrantly replaced nerve p 7→ Xp induces a pullback
(UF×
M
,W)
X //
⊆ ·y
(CS(M)×,W)
⊆
(F×
M
,DK)
X
// (S(M)×,DK)
(17)
of relative categories such that
1. the relative functor X reflects DK-equivalences with complete codomain (and hence reflects
Rezk-completion to univalent completion);
2. the relative inclusion (UF×
M
,W)→ (F×
M
,DK) is a weak equivalence in the Barwick-Kan model
structure.
Remark 5.18. We have seen that if one starts with a univalent ambient fibration π : U˜ → U ,
then univalent completion of π-small fibrations exists, gives rise to a homotopy-coherent reflective
localization at the DK-equivalences, and induces a Rezk-completion of associated Segal objects.
Without the assumption of univalence of π, criteria for the existence of small univalent completions
are hard to find. Contrarily, Rezk-completion does exist in a plethora of examples arising from
presentable quasi-categories. Indeed, generalizing Rezk’s constructions, Barwick has shown in [2]
that Segal objects and complete Segal objects are the fibrant objects in a model structure on sM
whenever M is a simplicial and monoidal model category which is combinatorial and left proper.
From his results it follows that the homotopy theory of complete Segal objects is the localization of
the homotopy theory of Segal objects at the DK-equivalences. It also follows that Rezk-completion
of a Segal object is simply given by fibrant replacement in the model structure for complete Segal
objects (and hence always exists) and that the relative inclusion
(CS(M),W) ⊆ (S(M),DK)
is a homotopy equivalence in the model category RelCat, defined and studied by Barwick and
Kan in [4]. It also follows that the relative inclusion of (UF ,W) in (F ,DK) is a weak equivalence
in RelCat (and hence induces a weak equivalence on Hammock localizations) if and only if the
pullback square (17) is a homotopy pullback square in the model categoryRelCat. By Theorem 5.9
this is the case if univalent completion in M exists. Hence, the natural question arises whether
univalent completion can be understood as the fibrant replacement in some homotopical structure
on the category of fibrations inM. Indeed, it may be interesting to note that both Rezk and Barwick
first prove the existence of Rezk-completion in order to show that complete Segal objects are the
DK-local objects, in the same way we did in the context of univalent completion and DK-locality.
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